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Abstract 

In this work, we define a Morse function on SO{n) and show that this 
function is indeed a perfect Morse function. 
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1 Introduction 

The main point of Morse Theory, which was introduced in [^, is investigating 
the relation between shape of a smooth manifold M and critical points of a 
specific real-valued function / : M K, that is called Morse function. [S] 
and [4] are two of main sources about this subject, so mostly we will use their 
beautiful tools for defining a Morse function on SO{n). Also, we will refer to 
use homological properties and to determine the Poincare polynomial of SO(n). 
Perfect Morse functions are widely studied in [7], that is one of our inspiration 
to show that the function, we defined, is also perfect. 


2 Preliminaries 

In this section, we give some definitions and theorems which will be used in this 
paper. 


Definition 2.1 Let M he an n-dimensional smooth manifold and / : M —>■ K. 
be a smooth function. A point po € M is said to be a critical point of M if we 
have 


dxi 


= 0 , 


dx2 


= 0 , 


dxji 


= 0 


( 2 . 1 ) 


with respect to a coordinate system {xi,X 2 , .■.,Xn} around po. 
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A point c G R is said to be a critical value o/ / : M —^ K, if /(po) = c for a 
critical point po of /. 


Definition 2.2 Let po be a critical point of the function / : M ^ R. The 
Hessian of f at he point po Is the n x n matrix 


Hf{po) 



.dxndx 


(Po) 

-{Po) 


axidxn (^* 0 ) 

0 (^^o) . 


( 2 . 2 ) 


dxjx (Po) = dx dxi (Po). the Hessian of / is a symmetric matrix. 

Let Po be a critical point of / and cq G R such that /(po) = cq. Then, cq is 
said to be a critical value of f. If po is a regular point of /, then cq is said to 
be a regular value of f. 

If a is a regular value of /, it can be shown that the set f~^[a) = {p G 
M\f (p) = a} is an n — 1 dimensional manifold [T]. 


Definition 2.3 A critical point of a function / : M ^ R is called ’’non¬ 
degenerate point of f” if detHffpo) ^ 0. Otherwise, it is called ’’degenerate 
critical point”. 


Lemma 2.1 Letpo be a critical point of a smooth function / : M R, (U, <p = 
(xi, ...,Xn)), = {Xi,...,Xn)) be two charts of po, and iJ/(po), ?t/(po) be 

the Hessians of f at po, using the charts (U, ip), (Vj-ip) respectively. Then the 
following holds: 

'HfiPo) = JiPoYHf{po)J{pQ) (2.3) 


where J{po) is the Jacobian matrix for the given coordinate transformation, 
defined by 


J{Po) = 


§^(Po) 


W^iPo)' 


§^(po) ••• Sff(Po)] 


(2.4) 


and the matrix J{poY is the transpose of J{po). 


For a critical point po, non-degeneracy does not depend on the choice of charts 
around po. The same argument is also true for degenerate critical points. In 
fact we have 

^/(Po) = J{Pof Hf{po)J{po) 

by the previous lemma,and hence 

det'Hf{po) = detJ{poYdetHf{pQ)detJ{po) (2.5) 

by using determinant function on both sides. On the other hand, the determi¬ 
nant of the Jacobian matrix is non-zero. So the statement ”det'Hf{po) ^ 0” and 
”detHf{po) 7 ^ 0” are equivalent. In other words, 

detHfipo) 7 ^ 0 detHf{po) 7 ^ 0. 
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Now a function / : M —>■ R is called a Morse function if any critical point of f 
is non-degenerate. From now on, we only consider a Morse function /. 

Now, we introduce Morse lemma on manifolds. 

Theorem 2.4 (The Morse Lemma) Let M he an n-dimensional smooth mani¬ 
fold and po be a non-degenerate critical point of a Morse function / : M —^ R. 
Then, there exists a local coordinate system {Xi,X2, ...,Xn) aroundpo such that 
the coordinate representation of f has the following form: 

f = - X^ - ... - + ... + XI+C ( 2 . 6 ) 

where c = f{po) and po corresponds to the origin (0, 0,..., 0). 

One may refer to see [5] for the proof. 

The number A of minus signs in the equation (12.61) is the number of negative 
diagonal entries of the matrix Hf{pQ) after diagonalization. By Sylvester’s law, 
A does not depend on how Hf{pQ) is diagonalized. So, A is determined by / and 
Po- The number A is called ’’the index of the non-degenerate critical point po”- 
Obviously, A is an integer between 0 and n. 

Note that, 

1 . A non-degenerate critical point is isolated. 

2. A Morse function on a compact manifold has only finitely many critical 
points [5]. 

3 A Morse function on SO{n) 

In this section, we will define a Morse function on SO{n). 

The set of all n x n orthogonal matrices, 0(n) = {A = (aij) G MnfR.) : 
A A* = /„} is a group with matrix multiplication. From the definition of 0{n), 

detA = ±1, for any A G 0(n). 

An orthogonal matrix with determinant 1 is called rotation matrix and the 
set of this kind of matrices is also a group, called special orthogonal group and 
denoted by SO{n). On the other hand, let S'„(R) denote the set of symmetric 
n X n matrices. Since each symmetric matrix is uniquely determined by its 
entries on and above the main diagonal, that is a linear subspace of M„(R) of 
dimension n(n -I- l)/2. 

Now we define a function p : GL„(R) —5> S'„(R) by 

p{A) := A*A. 

Then, the identity matrix In is a regular value of p [3]. 

Let C G Sn (R) with entries Ci , with 0 < ci < C 2 < ... < c„ fixed real numbers 
and fc ■ SO{n) —>• R be given by, 

fc{A) : = < C, A >= CiXii -\- C2X22 + + CnXnn, (3.1) 
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where A = (xij) € SO{n). 

Obviously, fc is a smooth function. Now, we will determine its critical 
points. 


Lemma 3.1 The critical points of the function fc defined above are: 


■±1 0 • • • O' 

0 ±1 ■■. : 

: ■■. ■■. 0 
0 ••• 0 ±1 


(3.2) 


Proof. 

Let A be a critical point of fc- Then the derivative of fc at A must be zero. 
Consider the matrix given by a rotation of first and second coordinate Bi2{9) 
defined by 


Bi2ie) 


cos9 —sin9 0 

sin9 cos9 0 

0 0 1 


O' 

0 


0 0 ••• 0 1 


Then, ABi2{9) € SO{n) and the matrix Bi2{9) forms a curve on SO{n). More¬ 
over, Bi2{9) = a iov 9 = Q. 

By the definition of fc, and after computing the matrix product, we have 


fc{ABi2{9)) = ci(xiicos9+xi2sin9)+C2{—X2isin9+X22Cos9)+C3X33-\ - 

(3.3) 

By differentiating / in the direction of the velocity vector ■^ABi2{9)\0=o of 
the curve ABi2{9) at A, we have 

-J^fciABi2{9))\g=o = CiXi2 — C 2 X 21 (3.4) 

and 

-^fc{Bi2{0)A)\e^o = -C 1 X 21 + C 2 X 12 . (3.5) 

dO 

However, by the assumption that H is a critical point of fc, we require these 
derivatives to be zero. i.e. 


C1X12 — C2X12 = 0 

-C 1 X 21 -I- C 2 X 12 = 0 


Solving this system for a;i 2 ,a; 2 i gives X 12 = X 21 = 0. We can carry out the 
similar calculation for Bij{9) with i < j, where Bij{9) is with the entries: 
{i,i) = cos9, (i,j) = —sin9, (j,i) = sin9 and (j, j) = cos9. Thus, for the matrix 
A, Xij = 0 whenever i ^ j. So, that is, a critical point of fc is a diagonal 
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matrix. On the other hand A G SO{n), so we have AA* = In- So each entry on 
the main diagonal of A must be ±1. 

Conversely, let A be a matrix in the form p.2p . In order to check that A 
is a critical point, we need to compute the derivative of fc- If we could find 
n{n — I)/2 curves Ci going through A with velocity vector at A and linearly 
independent from each other. Since the velocity vector of Ci at A plays a role 
of a local coordinate of A, we only need to check that the derivative of fc{Ci) 
vanishes to see that Df{A) — 0. Now, the claim is the curves Ci’s are in fact 
ABijO' s defined above. Let = An where An is the f-th diagonal entry of 
A{ei = ±1). Then, the derivative of the matrix ABij{6) at A is ( we did for the 
case Bi 2 , but it is same for other indices with i < j), 


—ABi2(6»)|e=o = 


'0 -ei 
£2 0 

0 0 


o' 

0 

0 


0 0 ••• 0 


This matrix is regarded as a vector in R" . By considering b 1\ 1 < i < j < n, 
these matrices (vectors) form a basis for the tangent space TASO{n). 

So, for a given matrix A in the form (3.2), it is easy to compute that, the 
derivative of fc at A is zero. This means nothing but A is a critical point of 
fc- ■ 

After now, we know the coordinate system of SO(n) and the critical points 
of the the given function fc- It is straightforward to compute the Hessian of fc 
at A. Suppose that A is a critical matrix with diagonal entries An = = ±1. 

Then, we want to compute 


g^g^ fc{ABai3{0)B^s{v’))\e=o,v=o- 

Notice that is linear ABap{0)B^s{ip) is linear in 9 and in and fc is a linear 
function. Thus, we can bring the derivative inside fc- So, 


-Qg^fc{ABai3{9)B^s{>p))\e=o,v=o = fc{A—Bai3{O)\0^Q — B^s{‘p)\^^Q 

^ f -Ca£a - cpep if a = 7, /3 = (5 
^ 0 otherwise 

This calculation becomes easier if we consider the matrix multiplication Cij = 
The calculation above shows that the Hessian matrix is diagonal. 
Since Ca cp for a ^ (3, the entries on the diagonal is non-zero. Therefore, A 
is a non-degenerate critical point of fc, meaning that fc is a Morse function 
on SO{n). 
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Assume that the subscripts i of the diagonal entries of A , 1 < i < n, with 
€i = 1 are 

in ascending order. Then the index of the critical point A (the number of minus 
signs on the diagonal of Hessian) is 

(*1 ~ 1 ) + (*2 ~ 1 ) + • • • + {im — !)■ 

And the index is 0 if all e^’ s are -1. Also, the critical value at the critical point 
is 

n 

2(Cji Ci2 “t“ ‘ ■ * “t“ ^ ^ C^. 

i=0 

Considering that detA = 1, there are 2”“^ critical points [1] 

4 Perfect Morse Functions 

First, we will give the basic notions. 

Definition 4.1 The Poincare polynomial of the n- dimensional manifold M is 
defined to be 

n 

PM{t) = Y.bk{M)t^ (4.1) 

k=0 

where bk{M) is the k-th Betti number of M. 

Definition 4.2 Let f : M be a Morse function. Then, the Morse polyno¬ 
mial of f is defined to be 

n 

Pf{t) = Y,Tkt'^ (4.2) 

k=0 

where Hk is the number of critical points of f of index k. 

Theorem 4.3 (The Morse Inequality) Let f : M ^ M. be a Morse function on 
a smooth manifold M. Then, there exists a polynomial R{t) with non-negative 
integer coefficients such that 

Pf{t)=PM{t) + {l + t)R(t). 

One may refer to [7j for proof. 

A Morse function / : M —>■ R is called a perfect Morse function if Pf{t) = 
PM{t) [7]. 

Now, we show that the function fc on SO{n) defined in the previous section 
is also a perfect Morse function. 

Theorem 4.4 The function 

fc-.SO{n)^R, fc{A):={C,A) 

is a perfect Morse function, where C G ^^(R). 
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Proof. First we show that the Morse polynomial is, 

Pfo{t) = {l + t){l+t^)---{l+e-^). (4.3) 

We use induction method. For making it easier, we label the function fc with 
n as fcn ■ SO{n) —>■ R. 

Trivially, for n = 1, Pfc^it) = 1 and for n = 2, Pfc^i^) = 1 + t- Assume that, 

Pfc^{t) = (l + t)(l+t^)H-|-(l + t"“^). Then, we need to show that Pfc^+ii^) 

satisfies the form (14.31) . 

We may consider that SO{n + 1) gets all the critical points from SO{n) with 
extra bottom entry ((n + 1)- th diagonal entry), which is either +1 or -1. Say 
the set of all these points are and respectively. 

Let A G Then we have A G 0(n) such that, A is the matrix A with extra 

bottom entry -1. Then, by the definition of index, we obtain 

ind{A) = ind{A). 

Thus, for the elements of the equation (14.31) holds. Let A G Then 

we have A G SO{n) such that, A is the matrix with A with the bottom entry 
+ 1. Thus, by the definition of index, we obtain 

ind{A) = ind{A) + n. 

So, by the definition of Morse polynomial, we gain 


W = Pfc^m + e) = (1 + t)(i + 1 ^)... (1 + r-i)(i +1") (4.4) 


Now, we hnd out the Poincare polynomial of SO{n). The graded abelian 
group Hf[SO{n), Z 2 ) is isomorphic to the graded group coming from the exterior 
algebra 

Aza 1 ^ 1 , 62 , ■■■, e„_i] 

[2]. Let say A(n) = Aza [ei, 62 ,..., en_i] where the degree of e^, \ei\ = i. Then, 
we obtain 

k k 

leq A 6^2 A ... A | = ^ ( \ei^ \ = ^ ( ij- 
f=i i=i 

If we define a{n)k = dim2,2{A{n)k), then by the result in [5], a{n)k is nothing 
but the k- th Betti number of SO{n). Hence, the polynomial 

00 

P{A{n)) =^a{n)^f 

i=0 

is the Poincare polynomial of SO{n). 

Now, our claim is that The Poincare polynomial of SO{n) is 

P{A{n)) = (1 + t){l + t2)... (1 + 1), 
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Let B{A{n)) be the basis of A{n). For instance, B{A{1)) = trivial, B{A{2)) = 
{1, ei}, B(A(3)) = {1, ei, 62 , ei A 62 } etc. 

In this sense, we obtain 

B{A{n + 1)) = {B{A{n)) A e„) U B{A{n)). 

We use induction method. Indeed, here we have very similar arguments with 
the previous claim. The variable e„ has the same role with ” the extra bottom 
entry ±1”. Then, we have the polynomial P{A(n)) = X]beB(A(n)) 

Trivially, P{A{1)) = I and P{A{2)) = 1 + t. By the induction hypothesis, 
assume that 

P{A{n))= Y. = {1+t){l+f )■■■{! +r-^). 

b^B{A{n)) 

For the polynomial P{A{n + 1)), pick an element b € B{A{n + I)). Then, b is in 
either B{A{n)) or i?(A(n))Ae„. For b G B{A{n + l)), trivially, P{A(n + l)) has 
the desired form. If 6 G B{A{n)) A e„, then by the definition of degree, there 
is & G B(A(n)) such that |&| = |&| + n. Thus, by the definition of P(A(n)), we 
obtain 

P{A{n + 1)) = (I + t){l )■■■{!+ r) (4.5) 

which completes the proof. ■ 

Thereby, we have shown that, for the given Morse function fc ■ SO{n) —s- R, 
Pm (t) = Pfc {t), meaning that fc is a perfect Morse function. 
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